The q-calculus is reformulated in terms of the umbral calculus and of the associated operational formalism. We show that new and interesting elements emerge from such a restyling. The proposed technique is applied to a different formulations of q special functions, to the derivation of integrals involving ordinary and q-functions and to the study of q-special functions and polynomials. a) Electronic mail: giuseppe.dattoli@enea.it; bruna.germano@sbai.uniroma1.it; katarzyna.gorska@ifj.edu.pl; martinelli@dmmm
I. INTRODUCTION
In this paper we explore the possibility of extending the umbral point of view to the q-calculus 1 . The results we obtain are fairly encouraging and we consider worth to pursue the relevant exposition. The q-numbers and their associated factorial are defined below
[n] q = 1 − q n 1 − q and [n] q ! = n r=1
[r] q , where 0 < q < 1.
A previous investigation in this direction was addressed by Roman in Ref.
2,3 , here we develop an alternative point of view, based on a different conception of umbral calculus 4 .
In the following, we exploit a function, namely the q-Bessel like function, which provides the pivot tool to establish the relevance of umbral methods to q-calculus. We start with studying the simplest case of q-Bessel type function written as
which is referred also as (q, 1)-Tricomi function. In the language of the umbral calculus we define the umbral image of the function in Eq. (2) as follows
with qĉz being an operator defined below. The series expansion on the RHS (right hand site) of the above function, is the crucial step of our discussion. In Eq. (3), as developed in previous researches (see 7 and references therein), we can say that the q-operator qĉ z acts on the vacuum ϕ 0 according to the rule qĉz µ f (z)| z=0 = qĉz µ ϕ 0 = f (µ) which for integer m and
In general the exponent µ is not restricted to integers but it can be any real. The extension of the identity (4) occurs through the use of the Thomae-Jackson q-Gamma function 1, 8 ,
The usefulness of the umbral image restyling stays in the fact that we have associated to the q-function a corresponding "image" with known properties. We can therefore take advantage from such a correspondence to infer the properties of q-function under study by translating to the q-functions those characterizing the associated images. Taking notice of the identity in Eq. (3) we recover the series (2) from the corresponding umbral images, whose Taylor expansion around x = 0 yields
Moreover, calculating the Borel transform of the (q, 1)-Tricomi function:
we introduce the new function q e(x) whose umbral representation is given by the second line of Eq. (7). The Taylor expansion of q e(x) around x = 0 reads
that gives the series representation of the q-exponential converging provided that |x| <
(1 + q) −1 . The Borel transform given by Eq. (7) can be viewed as the integral representation of q e(x) function. The advantage of the integral representation, with respect to the series expansion, stems from the fact that no convergence problems arise. In the following we use, for numerical computations involving the q-exponential, the relevant integral representation.
The series expansion will be exploited, in the quoted range of convergence, for analytical computations.
The chain of identities leading to Eq. (7) can be summarized as it follows:
(1) we have used the umbral form of the (q, 1)-Tricomi function;
(2) we have assumed that the vacuum can be brought outside the integral; (3) we have used the Laplace transform;
(4) we obtained the umbral representation of q e(x).
For latter convenience we premise the following identity from the elementary calculus.
We have associated to the exponential q-function a rational image function, which can be helpful for the study of the relevant properties. The Lorentzian function can for example be exploited as image of the q-Gaussian q e(x 2 ) = (1 + qĉz x 2 ) −1 ϕ 0 . A paradigmatic use of the image correspondence is realized through the following example noting the identity
If we are interested in evaluating the infinite integral of q e(x 2 ) we find
We underscore once more that the key note of the operation has been treating the operator qĉz as a constant. In the case of the ordinary Gamma function Γ(1/2) = √ π, we assume that something analogous does hold for the q-Gamma extension and set
The "protocol" for the evaluation of √ π q occurs as noted below. According to the second of Eqs. (5) we write
The conclusion of the previous discussion is that
whose limit correctly yields (see Fig. 1 where we have reported π q in the interval q = 0, 1)
The "experimental" check of the correctness of the result in Eq. (13) is obtained by computing q Γ(1/2) by means of Eq. (5) and then by confronting the numerical value from Eq.
(12) with that deriving from a direct numerical integration.
The next step is that of checking whether the procedure we have envisaged is consistent with the derivation of other integrals involving q-functions whose ordinary counterpart contains √ π. We will indeed establish the "complete" q-Fresnel integrals
The proof is achieved by noting that
which satisfy like to standard exponential function the property q cos(x) + i q sin(x) = q e(− ix), where the umbral representation of q e(x) is given by Eq. (7). The associated integrals writes
The use of the identity 
The next step is the derivation of the integral
which requires as premise the Gaussian integral
accordingly we find
Note that the use of the previous result, along with the integral in Eq. (7), can be used to prove Eq. (13), independently of the use of the Lorentz function as umbral image. We
Most of the results obtained so far have π q as pivot 11, 13 . We can therefore summarize the discussion of this introductory section with a question about the meaning of π q and whether any geometrical interpretation (in trigonometric sense) can be appended to it. We will try to speculate on these points in the forthcoming parts of the paper.
Before concluding this section we consider the use of the umbral method for the evaluation of the successive derivatives of the q-Gaussians, which opens further interesting possibilities, which will be exploited in the final section within a specific application. We take into account that 9,10
where H n (x, y) is the Hermite polynomials in two variables
We apply the same formalism to get the successive derivatives of the q-Bessel type function, thus getting
Using Eq. (24) for the Hermite polynomials we can rewrite Eq. (25) as
where the q-Bessel function has the below umbral form
which for µ = 0 reduces to the (q, 1)-Tricomi function given via Eq. (6).
II. q-WALLIS FORMULA AND q-SINE INFINITE PRODUCT FORMULA
In this section we go back to the definition of π q , which represents an interesting key note to extend the role of q−calculus within its umbral perspective. The Wallis product is a well-known result of pre-calculus mathematics yielding π in terms of an infinite product,
An analogous expression holds for the q-counterpart. The relevant proof is straightforward, noting indeed that
and squaring Eq. (12) we find for π q the following infinite product identity
which is equivalent (albeit written in a different way) to an analogous expression derived by
Chung, Kim and Mansour in Ref.
11 .
Let us now try to get an answer whether we can push the analogies by getting a more profound meaning for π q . Going back to the q-Gamma definition (Eq. (5)) we note that it can be cast in the form
Using Eq. (18) as reference identity we define the sine-q like function
which can be expressed by the Gosper sin-q function denoted here as G sin q (πx) 12, 13 in the following way sin q 2 (π q x) = G sin q (πx)/q (x−1/2) 2 . It is indeed written in a form analogous to the Euler infinite product 14 for the ordinary sine function. The relevant zeros are located at sin q (kπ q ) = 0 and sin
The function is by no means periodic, it has increasing oscillating amplitude (see Fig. 1 ) and the maxima are located at
Using the same criterion (namely by following the analogy with the ordinary case) we can define the cos-q analog, which writes
and gives cos q (
The behavior of Eq. (35) is reported in Fig. 1(b) , and discloses characteristics similar to those of sin q (π q x) given by Eq. (32) also reported in Fig. 1(a) . The relation between cos q (π q x) and the Gosper cos-q function
The following properties are worth to be mentioned
It is furthermore important to stress that both functions have not definite parity properties under variable reflection x → −x. We can summarize the results obtained so far by noting Fig. 1(a) ) and cosine-q ( Fig. 1(b) ) functions for q = 0.4 (the blue curve), q = 0.6 (the red curve), and q = 0.9 (the green curve). It can be seen that sin q (π q x+1/2) = cos(π q x).
that the thread we followed has been that of exploiting the umbral correspondence between q-Gaussian and q-Lorentzian functions to infer the existence of π q , which has been then used to infer the q-Wallis formula and a family of trigonometric like functions defined in terms of q-Euler infinite product. Fig. 2(a) ) and q = 0.9
( Fig. 2(b) ). Notice that for q closer to one the parametric plots is closer to circle as is for the (standard) cosinus and sinus functions.
III. UMBRAL CORRESPONDENCE AND q-BESSEL FUNCTION AND

Q-HERMITE POLYNOMIALS
The functions q e(x) and C (q,1) 0 (x) have been shown to be useful study cases. We remind that the first is an eigenfunction of the Jackson derivative
15-17
By recalling indeed that q x∂x f (x) = f (qx) 9,10 we find
Thus, getting
which yields
It is therefore easy to infer that the (q, 1)-Tricomi satisfies the eigenvalue equation
Regarding the function
we argue that
The procedure we have envisaged opens the pathway not only for the study of q-Bessel like functions but also for family of special q-polynomials.
The properties of the Jackson derivative can e.g. be exploited to derive families of two variables Hermite polynomials, we find e.g.
which are shown to satisfy the recurrences
and are the natural solution of the q-heat equation
IV. CONCLUSION
In this paper we have shown that the q-calculus for 0 < q < 1 can be merged with the umbral calculus. We have also argued that the properties of q-functions can be treated quite straightforwardly by using the corresponding umbral images.
In addition, it should be also mentioned that in the physics literatures 18, 19 exist another type of the the q-exponential function which was introduced by C. Tsallits
and used for the definition of q-Gaussianẽ q (−x 2 ). They have been exploited for describing, e.g., the normal and tumoral melanocytes 20 , the momentum distribution of cold atoms in dissipative optical lattices 21 , and so on. The q-Gaussian umbral form reads 
This last point opens the possibility of developing new speculations on the polynomials associated with Tsallis type distributions.
In this paper we have shown that umbral methods allow to treat different forms of qcalculus from the same point of view. The Tsallis exponential is indeed different from the cases treated in the previous sections. In a forthcoming investigation we will see how the procedure we have defined in these concluding comments is tailor suited to get further progress in the mathematical handling of the Tsallis distributions.
